The paper is concerned with the problem of synthesis of two-pole contact circuits implementing -place Boolean functions and admitting short fault detection and diagnostic tests with respect to closures of contacts. It is shown that almost all -place Boolean functions are implemented by irredundant two-pole contact circuits admitting single fault detection, complete fault detection and single diagnostic tests of constant length. We also prove that: 1) any Boolean function ( 1 , . . . , ) may be implemented by an irredundant twopole contact circuit containing at most one input variable distinct from the variables 1 , . . . , and admitting single and complete fault detection tests of length at most 2 ; 2) any Boolean function ( 1 , . . . , ) may be implemented by an irredundant two-pole contact circuit containing at most two input variables distinct from the variables 1 , . . . , and admitting single diagnostic test of length at most 4 .
Introduction
The paper is concerned with the problem of synthesis of easily testable two-pole contact circuits [1] that implement given Boolean functions. (In what follows, we shall drop the word "two-pole".) A logical approach to testing of contact circuits was proposed by Yablonskii and Chegis in [2] . Let us assume that there is a contact circuit implementing a Boolean function ( 1 , . . . , ). One or several contacts of the circuit may become faulty under the action of some source of faults. (As faults of contacts one usually considers their breaks or closures. With a break of a contact the conductivity between its ends becomes identically zero, and with its closure it becomes identically one.) As a result, the circuit instead of the original function ( 1 , . . . , ) will implement some Boolean function ( 1 , . . . , ), which is in general distinct from . All such functions ( 1 , . . . , ) resulting from all possible problem-admissible faults of contacts of a circuit are called the fault functions of a given circuit. We need the following definitions (see [3] [4] [5] ). By a fault detection test for a circuit we shall mean a set consisting of tuples of values of the variables 1 , . . . , such that, for any fault function of the circuit that is distinct from ( 1 , . . . , ) there exists a tuplẽ in such that (̃ ) ̸ = (̃ ). A diagnostic test for a circuit is a set of tuples of values of the variables 1 , . . . , such that is a fault detection test, and besides, for any two distinct fault functions 1 ( 1 , . . . , ) and 2 ( 1 , . . . , ) of the circuit , there exists a tuplẽ in such that 1 (̃ ) ̸ = 2 (̃ ). The number of tuples in is called the length of a test. As a trivial diagnostic (and a fault detection) test of length 2 for a circuit one may always take the set consisting of all binary tuples of length . A test is called complete if it applies to circuits with any number of faulty contacts; a test is called single if it applies to circuits in which only one contact may be faulty. Single tests are usually considered for irredundant circuits [5] ; that is, for circuits in which any admissible fault of any contact results in a fault function that is distinct from the original function implemented by this circuit (such fault functions are called nontrivial). If a circuit is assumed to allow only contacts breaks (or their closures), then one speaks about tests of contact break (respectively, tests of contact closure).
Given a fixed fault of contacts and a single fault detection test for some contact of the circuit , we define:
s,detect ( ) is the length of the test , s,detect ( ) = min s,detect ( ), where the minimum is taken over all tests for the contact of the circuit , s,detect ( ) = min s,detect ( ), where the minimum is taken over all irredundant contact circuits implementing the function , s,detect ( ) = max s,detect ( ), where the maximum is taken over all -place Boolean functions . A function s,detect ( ) is called a Shannon function for the length of a single fault detection test. In analogy with the functions s,detect , one may consider the functions c,detect , s,diagn and c,diagn for, respectively, complete fault-detection, single diagnostic, and complete diagnostic tests, which depend on , , and (in the definitions of the functions c,detect ( ) and c,diagn ( ) it is not required to assume the irredundancy of circuits). For example, c,diagn ( ), is the Shannon function for the length of a complete diagnostic test.
It what follows we shall assume that a contact circuit implementing a Boolean function ( 1 , . . . , ) also implements all the Boolean functions obtained from ( 1 , . . . , ) by removing all or a part of fictitious variables of this function. This assumption is in line with the general provisions of the theory of Boolean functions to the effect that any two Boolean functions obtained from each other by adding or removing fictitious variables are looked upon as equal (see, for example, p. 12 of [6] ). A contact circuit will be said to contain fictitious input variables and to implement a function ( 1 , . . . , ) (where ⩾ 0) if this circuit contains distinct input variables that are distinct from the variables 1 , . . . , and if it implements a Boolean function which does not depend essentially on these variables and which agrees with the function ( 1 , . . . , ). For example, the circuit depicted in Fig. 1 contains one fictitious input variable and implements the function 1 2 . We shall say that a contact circuit implements a function ( 1 , . . . , ) (without indicating the number of fictitious input variables if this number is zero). Tuples from any test for a circuit involving fictitious input variables and implementing a function ( 1 , . . . , ) will be said to be of length + (counting the total number of variables 1 , . . . , and of fictitious input variables of the circuit). Such convention was adopted in the paper [7] , which was concerned, first, with contact circuits involving input variables 0 , 1 , . . . , and implementing a function ( 1 , . . . , ), and second, with tests for these circuits involving tuples of length + 1.
Some property will be said to hold for almost all -place Boolean functions (or for almost all -place Boolean function) if the ratio of the number of -place Boolean functions which fail to satisfy this property to the number of all -place Boolean functions (which is 2
2 ) approaches zero as → ∞.
We now list the principal results on testing of contact circuits. For the case when both breaks and closures of contacts are assumed, it was shown that the function s,diagn ( ) is asymptotically at most
(see [5] , Theorem 9 on p. 113). Madatyan [8] found the exact value of the Shannon function for the length of a complete diagnostic test: c,diagn ( ) = 2 . Red'kin [9] put forward the following estimate: c,detect ( ) ⩽ 15 16 ⋅ 2 . The following estimates pertain to the cases when only breaks (or only closures) of contacts are allowed. Using the argument similar to those employed in the proof of Theorem 9 on p. 113 in [5] , in both cases one gets the asymp-
2 ). Note that in the proof of these results for Boolean functions ( 1 , . . . , ) one considers only the circuits that implement them (without fictitious input variables). In particular, Romanov [7] showed that, for almost all -place Boolean functions , the estimate s,detect ( ) ⩽ 2 + 2 for the length of a single fault detection test of contact closure holds and that a similar estimate for a single fault detection test of contact break is also valid; the corresponding arguments depend on contact circuits involving one fictitious input variable 0 and implementing the function ( 1 , . . . , ).
The above upper estimates for the functions s,detect ( ), s,detect ( ) in [7, 10] also hold for the corresponding functions c,detect ( ), c,detect ( ), inasmuch as any single break (closure) detection test for an irredundant contact of a circuit is also a complete fault detection break (closure) contact test for this circuit (see, for example, pp. 147-148 of [5] ( 1 , 2 , 3 , 4 ) . Then it is easily checked that a cover set for does not exist (it suffices to consider separately the cases = 1, 2, 3, 4). Proof. Let be the set of all -place Boolean functions for each of which the property in the hypothesis of this assertion is not satisfied and let be an arbitrary function from . We split all the binary tuples of length into 2 −1 pairs of tuples that agree only in the first bit (clearly, this is possible). The set of all such pairs of tuples with zero (unit) in the first bit will be denoted by 0 (respectively, by 1 ). We claim that the function satisfies at least one of the following conditions: a) there exists at most one pair of tuples from 0 such that the function vanishes on both tuples from this pair; b) there exists at most one pair of tuples from 1 such that the function vanishes on both tuples from this pair.
Assume that this is not so. Then there exist pairs of tuples
are pairwise disjoint and are zero for the function . In this case,
} are cover sets for . Indeed, for any ∈ {2, . . . , } and for any Boolean constants , the first component of each of the tuples̃ ,̃ is , while the th components of these tuples are distinct (this follows from the definition of the sets 0 , 1 ); besides, at least one of these components is . This shows that is a cover set for (with = 1). Similar arguments also apply to ὔ . Each of these sets contains four tuples, ∩ ὔ = ⌀; that is, the property in the hypothesis of the assertion holds for the function , but this contradicts the fact that ∈ . So, any function from satisfies at least one of conditions a) and b). . Moreover, the number of Boolean functions assuming on all pairs of tuples from 0 (except one) one and the same of these three pairs of values and assuming on this unique pair of tuples from 0 the pair of values (0, 0) is
. This being so, the total number of -place Boolean functions satisfying condition a) is 3
. Similarly, the total number of -place Boolean functions satisfying condition b) is
. Hence, the number of -place functions obeying at least one of conditions a), b) is at most 2 ⋅ 3 In what follows, for the sake of brevity, in place of the phrase "a closing (breaking) contact corresponding to the variable ", = 1, . . . , , we shall say "the contact (respectively, the contact )". From Theorem 1 and Assertion 1 we have the following corollary.
Corollary 1. The inequality s,detect ( ) ⩽ 4 holds for almost all -place Boolean functions .
Proof of Theorem 1. In the definition of a cover set for a function ( 1 , . . . , ) we shall assume without loss of generality that = 1 (for otherwise, one may relabel the variables corresponding to contacts in the contact circuit that will be built later). The function vanishes on all tuples from . Besides, for ∈ {2, . . . , }, ̸ = , and for any Boolean constants , , there exists a tuplẽ , , , whose first component is and th component is . If ≡ 0, then the function may be implemented by a contact-free circuit.
Such a circuit is irredundant and any set of binary tuples of length (including ) for it is a single fault detection test, the result required. Further, we shall assume that the function is not identically zero. For any single tuplẽ = ( ,1 , . . . , , ) for , we build a contact circuit as follows. First, we construct the chain from the contacts +1 , and connect the vertex with each vertex , = 1, . . . , − 2, by the contact ,1
1 . We let denote the resulting contact circuit with poles and (this circuit with = 5 is depicted in Fig. 2) . Let be the contact circuit which connects in parallel all the circuits constructed above. It is easily seen that in each circuit only one non-self-intersecting chain between its poles (namely, ) has nonzero conductivity and that the function implemented by the circuit is
for and hence the function itself. Let us prove that the circuit is irredundant and that the set is a single fault detection test for it. Since all the tuples from are zero for the function , it suffices to show that for a fault (which is a closure) of any contact in the circuit there exists a tuple from on which the function implemented by the above circuit is 1. Assume that there is a fault on some contact in some subcircuit of the circuit . There are seven cases to consider.
Fig. 2
1. There is a fault in a contact 1 − is conducting, and hence, the circuit and therefore will produce 1.
3. There is a fault in a contact 1 − is conducting, and hence the circuit and therefore will produce 1.
5. There is a fault in a contact , +1
+1 connecting the vertices and of the circuit for some ⩾ 1. Then on the tuplẽ +1, ,1 , , +1 the chain − , +1
1 − is conducting, and hence, the circuit and therefore will produce 1.
There is a fault in a contact
, connecting the vertices and −1 of the circuit . Then on the tuplẽ Proof. Let denote the set of all tuples̃ , with = 1, . . . , , = 0, 1. The tuples̃ 1,0 and̃ 1,1 being distinct, | | ⩾ 2. We define the set ὔ as follows. Assume first that | | ⩾ 3. We take three arbitrary pairwise different tuples from the set . Clearly, some two of them differ at least in two bits. Let̃ and̃ ὔ be these two tuples and let 1 and 2 be the number of two bits in which they differ. Next, let̃ = ( 1 , . . . , ). We set = 0, 1} is a cover set for the function ( 1 , . . . , , ). Indeed, we take arbitrary ∈ {1, . . . , } and , ∈ {0, 1}. By property (*) in the set ὔ there exists a tuplẽ whose th bit is . Hence, the tuple (̃ , ) lies in the set , its ( + 1)th bit is , and th bit is . This shows that is a cover set for the function ( 1 , . . . , , ) (with = + 1). It contains 2 ⩽ 2 tuples. This proves Lemma 1
Proof of Theorem 2. Let ( 1 , . . . , ) be an arbitrary -place Boolean function. Without loss of generality we shall assume that it depends essentially on all its variables. (Otherwise Theorem 2 may be proved for the function obtained from the function ( 1 , . . . , ) by removing all its fictitious variables and implementing this function ( 1 , . . . , ) by a contact circuit, whose fictitious input variable, if it exists, is distinct from all the variables 1 , . . . , ). If = 0, then the function is a Boolean constant, and so it may be implemented by an (irredundant) contact-free circuit, and in this case the empty set will also be a single fault detection test for this circuit. Its length is 0 ⩽ 2 , the assertion of the theorem being satisfied. If = 1, then = 1 or = 1 , and each of such functions may be implemented by a circuit containing exactly one contact. This circuit has only one fault function (the constant 1), which may be distinguished from the original function on one tuple. The set consisting of this tuple is a single fault detection test of length 1 ⩽ 2 for the given circuit, the assertion of the theorem is satisfied. In what follows, we shall assume that ⩾ 2. There are two cases to consider.
1. Assume that for any ∈ {1, . . . , }, ∈ {0, 1} there exists a zero tuple for the function ( 1 , . . ., ) whose th bit is . By Lemma 1 for the function ( 1 , . . . , , ) , which depends fictitiously on the variable and equals ( 1 , . . . , ), there exists a cover set of ⩽ 2 tuples. By Theorem 1, there exists an irredundant contact circuit implementing the function ( 1 , . . . , , ) such that the set is a single fault detection test of contact closure for it. Now Theorem 2 follows from the relation | | = ⩽ 2 . We are done with Case 1.
2. Negation of Case 1: Assume that for some 1 ∈ {1, . . . , }, 1 ∈ {0, 1} all the binary tuples of length , whose 1 th bit is 1 , are unit for the function ( 1 , . . . , ). In this case the identity ( 1 , . . . , ) ≡ {( 1 , . . . , ) } is a single fault detection test of length 1 ⩽ 2 for this circuit, the conclusion of the theorem being satisfied. Next, assume that − ⩾ 1. We note that can not be equal to − 1 by (1) , . . . , )
is easily checked, where ℎ ὔ ( +1 , . . . ,
, . . . , ) = ℎ( +1 , . . . ,
, . . . , ). Substituting (2) into the right-hand side of (1), we get a contradiction with the maximality of . So, Case 2.1 is impossible. , . . . , to the circuit . By (1) the resulting circuit (we denote it by ὔ ; its form is depicted in Fig. 3 ) implements the Boolean function ( 1 , . . . , , ), which depends fictitiously on the variable and is equal to ( 1 , . . . , ). We replace each tuplẽ = ( 1 , . . . , − +1 ) from the set by the tuplẽ ὔ of length + 1 containing in the bit with = 1, . . . , , which has − with = + 1, . . . , , and whose ( + 1)th bit contains − +1 . As a result, we get the set ὔ containing the same number of tuples as the set . We claim that the circuit ὔ is irredundant and ὔ is a single fault detection test for it. From the definition of the cover set it follows that | | ⩾ 1, and besides, each tuple from the set is zero for the function ℎ( +1 , . . . , , ). Hence, from (1) and from the construction of the circuit ὔ and of the set ὔ it follows that | ὔ | ⩾ 1 and that each tuple from the set ὔ is zero for the function ( 1 , . . . , , ).
Assume first that some contact from the bundle is faulty. In this case, the fault function of the circuit ὔ is the constantly-one function, which may be distinguished from the ( 1 , . . . , , ) on any tuple from the set ὔ . Assume now that all the contacts from the bundle in the circuit ὔ are healthy. Then a faulty contact may lie only in the subcircuit . By the construction of the set ὔ on each tuplẽ ὔ from this set the conductivity function of each contact from the bundle vanishes and the circuit ὔ works exactly as the circuit on the tuplẽ , which is parent for the tuplẽ ὔ . Since is a single fault detection test for the irredundant circuit , on the tuples from the set ὔ one may pinpoint any fault in the subcircuit of the circuit ὔ . The above arguments show that the circuit ὔ is irredundant and the set ὔ for it is a single fault detection test. Its length is | ὔ | = | | = ⩽ 2( − ) ⩽ 2 . This completes the proof of Theorem 2.
3 Single diagnostic tests of contact closure The following result follows from Theorem 3 and Assertion 1. . Hence, the set 2 is a cover set not only for , but also for the function ∨
1
. Similarly, the set 1 is a cover set for the function ∨ = , because 1 ∩ 2 = ⌀. We claim that the circuit is irredundant, the set 1 ∪ 2 is a single fault detection test for it and that the fault function of the circuit vanishes at least on one tuple from the set 1 ∪ 2 .
Assume that some contact in the subcircuit 1 is faulty. Since 2 is a single fault detection test for the irredundant circuit 1 , it follows that on some tuplẽ ∈ 2 the value of the resulting fault function 1 of the circuit 1 differs from that of ( ∨ 
, are zero. The case when a faulty contact lies in the subcircuit 2 is dealt with similarly. As a result, we see that the circuit is irredundant, 1 ∪ 2 is a single fault detection test for this circuit and any its fault function vanishes on at least one tuple from the set 1 ∪ 2 .
We now claim that 1 ∪ 2 is a single diagnostic test for the circuit . Let be an arbitrary fault function of this circuit and̃ be an arbitrary binary tuple of length not lying in the set 1 This means that each of the subcircuits 1 , 2 on the tuplẽ gives zero. If in the subcircuit 1 (respectively, 2 ) some contact is faulty, then the subcircuit 2 (respectively, 1 ), and hence, the entire circuit , will still give zero on the tuplẽ , whence it follows that any fault function of the circuit vanishes on this tuple. Hence, (̃ ) = 0. It follows that the functions and assume equal values on all tuples not lying in the set 1 ∪ 2 . Hence, any fault function of the circuit may differ from the function only on tuples from the set 1 ∪ 2 .
But in this case any two different fault functions of the circuit may differ from each other only on tuples from this set. Moreover, they must differ on each such a tuple. This shows that 1 ∪ 2 is a single diagnostic test for the circuit . Its length is 1 + 2 , and therefore, s,diagn ( ) ⩽ 1 + 2 . This proves Theorem 3. It is clear that the sets 1 and 2 are disjoint and each of them contains 2 ⩽ 2 tuples. We claim that both these sets are cover sets for the function ( 1 , . . . , , , ). For any tuple (̃ , , ὔ ) ∈ 1 we have (̃ , , ὔ ) = (̃ ) = (̃ , ) = 0, because (̃ , ) ∈ . Next, we take arbitrary numbers ∈ {1, . . . , }, , ∈ {0, 1}. Since is a cover set with = + 1, there exists a tuple from , whose ( + 1)th bit is , and th bit is . This tuple is of the form (̃ , ). By the construction, at least one of the tuples (̃ , , 0), (̃ , , 1) lies in the set 1 ; the ( + 1)th bit from this tuple is , its th bit equals . Finally, for any , ∈ {0, 1} by the construction the set 1 contains a tuple whose ( + 1)th bit is and ( + 2)th bit is . The above enables us to assert that 1 is a cover set for the function ( 1 , . . . , , , ) . Similar results also apply to the set 2 . This proves Lemma 2.
Proof of Theorem 4. Without loss of generality we shall assume that the function ( 1 , . . . , ) depends essentially on all its variables (see the remark in parentheses at the beginning of the proof of Theorem 2). If = 0, then the function is a Boolean constant and it may be implemented by a contact circuit not containing any contact; in this case the empty set is a single diagnostic test for this circuit. Its length is 0 ⩽ 4 and the assertion of the theorem is satisfied. If = 1, then = 1 or = 1 , and each of these functions may be implemented by a circuit containing precisely one contact. This circuit has only one fault function (the constantly-one function), which may be distinguished from the original function on one tuple. The set consisting of this tuple forms a single diagnostic test of length 1 ⩽ 4 for the given circuit, the assertion of the theorem being satisfied.
In what follows we shall assume that ⩾ 2. There are two cases to consider. 1. Assume that for any ∈ {1, . . . , }, ∈ {0, 1} there exists a tuple which is zero for the function ( 1 , . . ., ) and whose th bit is . By Lemma 2 for the function ( 1 , . . . , , , ) , which depends fictitiously on variables , and agrees with ( 1 , . . . , ), there exist two disjoint cover sets 1 and 2 of 1 and 2 tuples respectively, where 1 ⩽ 2 and 2 ⩽ 2 . By Theorem 3 there exists an irredundant contact circuit implementing the function ( 1 , . . . , , , ) such that the set 1 ∪ 2 is a single diagnostic test of contact closure for it. Now Theorem 4 follows from the relation | 1 ∪ 2 | = 1 + 2 ⩽ 2 + 2 = 4 . We are done with Case 1.
2. Negation of Case 1: Assume that for some 1 ∈ {1, . . . , }, 1 ∈ {0, 1} all the binary tuples of length , whose 1 th bit is 1 , are unit for the function ( 1 , . . . , ). These conditions agree with those of Case 2 from the proof of Theorem 2. Repeating verbatim the arguments from this case up to the end of Case 2.1 with the replacement of the "single fault detection test" by the "single diagnostic test" and replacing the inequality 1 ⩽ 2 by the inequality 1 ⩽ 4 , we see that it suffices to prove Theorem 4 under the conditions the same as in Case 2.2 from the proof of Theorem 2. Namely, assume that for any ∈ {1, . . . , − }, ∈ {0, 1}, there exists a tuple zero for the function ℎ( 
